BL Lacertae is the prototype of the BL Lac class of active galactic nuclei, exhibiting intensive activity on parsec (pc) scales, such as intense core variability and multiple ejections of jet components. In particular, in previous works the existence of precession motions in the pc-scale jet of BL Lacertae has been suggested. In this work we revisit this issue, investigating temporal changes of the observed right ascension and declination offsets of the jet knots in terms of our relativistic jet-precession model. The seven free parameters of our precession model were optimized via a heuristic crossentropy method, comparing the projected precession helix with the positions of the jet components on the plane of the sky and imposing constraints on their maximum and minimum superluminal velocities. Our optimized best model is compatible with a jet having a bulk velocity of 0.9824c, which is precessing with a period of about 12.1 yr in the observers reference frame and changing its orientation in relation to the line of sight between 4
INTRODUCTION
BL Lacertae or 2200+420 (z=0.0686; Vermeulen et al. 1995) , the prototype of the BL Lac class of active galactic nuclei, is hosted by an elliptical galaxy, composed mainly by a stellar population of about 0.7 Gyr (Hyvönen et al. 2007 ). As usual in BL Lac type objects, its nuclear region exhibits strong continuum variability on different time-scales, from days to years, over the whole electromagnetic spectrum.
High-resolution interferometric images at radio wavelengths show the presence of a compact core and a diffuse halo-like source at arc-second scales (Antonucci 1986) . At an intermediate resolution (∼ 10 mas), BL Lacertae shows a core-jet structure, with components following different trajectories on the plane of the sky (Polatidis et al. 1995) . Similar behavior is seen at mas resolution, which has been attributed to either helical instabilities (e.g., Tateyama et al. 1998; Denn, Mutel & Marscher 2000) or jet inlet precession (Stirling et al. 2003; Tateyama 2009 ). Concerning jet pre-⋆ E-mail: anderson.caproni@cruzeirodosul.edu.br cession, Stirling et al. (2003) proposed a period of 2.29 years based on the periodic variations in the polarization position angle at 1 mm, and in the direction of the innermost radio core component at 43 GHz, which has been matter of criticism in some recent works (e.g., Mutel & Denn 2005) . Tateyama (2009) proposed an alternative precession model in which the BL Lacertae parsec-scale jet changes its orientation in a period of about 26 yr. Such claim was based on analyses of maps of BL Lacertae at 8 and 15 GHz in a super-resolution mode.
In this work, we reanalyse the jet-precession proposition in terms of our ballistic jet precession model, described in Section 2. In Section 3, we introduce the cross-entropy (CE) global optimization technique in the context of our precession model. In Section 4, we show the general results from the application of our CE jet-precession model to BL Lacertae, as well as the observational constraints used in this work. We explore in Section 5 the possible consequences of the underlying jet intensity on the radio and optical historical light curves. In Section 6 we study the viability of a supermassive binary black hole system in the nuclear region c 2002 RAS of BL Lacertae in producing the inferred jet precession rate, as well as a nutation motion with period of 2.3 yr. Finally, general conclusions are presented in Section 7.
We will assume throughout this work a ΛCDM cosmology with H0 = 71 km s −1 Mpc −1 , ΩM = 0.27, and ΩΛ = 0.73, which implies 1 mas = 1.296 pc and 1 mas yr −1 = 4.516c for BL Lacertae.
BALLISTIC JET PRECESSION MODEL
Let us consider a relativistic jet receding from the core with a constant bulk velocity β (in units of the speed of light c) that precesses around a fixed axis (see Fig. 1 in Caproni, Monteiro & Abraham 2009 for a schematic representation of this). Precession makes the jet inlet direction vary with time with a precession period Pprec,s measured in the source reference frame, producing a cone with semiaperture angle ϕ0. The precession phase ωs∆ts = 2π(ts − t0,s)/Pprec,s = 2π(τs −τ0,s) is chosen arbitrarily to be zero on the yszs-plane at τs = τ0,s (Caproni, Monteiro & Abraham 2009) . From these definitions, the instantaneous jet inlet direction is given in terms of a unit vector with Cartesian components:
ex,s(τs) = sin ϕ0 sin[ι2π(τs − τ0,s)], ey,s(τs) = sin ϕ0 cos[ι2π(τs − τ0,s)], ez,s(τs) = cos ϕ0, where ι gives the sense of precession, ι = 1 for clockwise sense and ι = −1 for counterclockwise precession.
Introducing the parameters φ0, the angle between the precession cone axis and the line of sight, and η0, the position angle of the axis on the plane of the sky (positive from north to east), we have (e.g., Caproni & Abraham 2004a,b; Caproni, Monteiro & Abraham 2009 ): e x,obs (τs) = A(τs) cos η0 − ey,s(τs) sin η0,
e y,obs (τs) = A(τs) sin η0 + ey,s(τs) cos η0,
e z,obs (τs) = −ex,s(τs) sin φ0 + ez,s(τs) cos φ0,
where:
A(τs) = ex,s(τs) cos φ0 + ez,s(τs) sin φ0.
The instantaneous angle between the jet and the line of sight φ is calculated from:
while the position angle of the jet on the plane of the sky η is obtained from:
η(τs) = arctan e y,obs (τs) e x,obs (τs) .
The observed jet velocity β obs (τs) is:
where the jet Lorentz factor γ is
and the jet Doppler factor δ is:
In order to compare predictions from the precession model with observational data, it is necessary to transform the elapsed time measured in the source's reference frame dts to the time interval in the observer's framework dt obs . Following Gower et al. (1982) and Caproni, Monteiro & Abraham (2009) , we can write:
where ∆t obs = (t obs − t 0,obs ) and ∆τs = τs − τ0,s.
The relation between the precession period in the source's framework and that measured by the observer P prec,obs is given as:
where z is the redshift of the source. A fluid element of the jet, ejected at time t obs,ej from a jet inlet region that is precessing according to our model, will be observed at time t obs with right ascension and declination offsets from the core ∆α mod and ∆δ mod respectively, given by:
where µ is the proper motion of the fluid element predicted by our jet-precession model assuming outward motion at a constant speed. Considering all the possible values of t obs,ej < t obs we obtain a snapshot of the model jet at time t obs , projected on the plane of the sky. The real jet, as observed with VLBI techniques, is not continuous but formed by discrete components, ejected at unknown epochs with unknown velocities. To avoid incorrect identifications of the same component in maps obtained at different epochs (which could led to incorrect determination of t obs,ej and µ(t obs,ej ) for this component), we will use only the projected position of the components in the plane of the sky for each epoch in which a map is available, and compare them with the positions predicted by the model. In summary, our jet precession model has seven free parameters (P prec,obs , ι, γ, η0, φ0, ϕ0 and τ0,s), which are determined, via the CE technique as will be discussed in the next Section.
THE CROSS-ENTROPY PRECESSION METHOD

General overview
The CE method was originally employed in the optimization of complex computer simulation models involving rare events simulations (Rubinstein 1997) , having been modified by Rubinstein (1999) (2005) . CE optimization involves basically random generation of the initial parameter sample (obeying some predefined criteria) and selection of the best samples based on some mathematical criterion. Subsequent random generation of updated parameter samples from the previous best candidates are performed iteration by iteration until a prespecified stopping criterion is fulfilled.
Application of the CE method in astrophysical contexts can be found in Caproni, Monteiro & Abraham (2009) , Monteiro et al. (2010) , Caproni et al. (2011) and Monteiro & Dias (2011) .
Our CE algorithm for jet precession modelling
Following Caproni, Monteiro & Abraham (2009) , let us suppose that we wish to study a set of N d observational data in terms of an analytical model characterized by Np parameters p1, p2, ..., pN p . In the case of jet precession modelling, the observational data correspond to right ascension and declination offsets, ∆α and ∆δ respectively, for the N d knots. As mentioned before, our precession model is defined by the free parameters β (or γ), η0, φ0, ϕ0, τ0,s, P prec,obs (or Pprec,s) and ι, i.e., Np = 7. In this work, we adopted the same procedure suggested by Caproni, Monteiro & Abraham (2009) , in which for a given (fixed) value of P prec,obs and ι, the remaining five parameters are CE optimized. Therefore, it is necessary to test different values for the precession period, as well as distinct senses of precession in order to obtain the best set of model parameters.
The main goal of the CE continuous multi-extremal optimization method is to find the set of parameters x * = (p * 1 , p * 2 , ..., p * Np ) for which the model provides the best description of the data (Rubinstein 1999; Kroese, Porotsky & Rubinstein 2006) . It is performed generating randomly N independent sets of model parameters X = (x1, x2, ..., xN ), where xi = (p1i, p2i, ..., pNpi), and minimizing a merit function S(x) used to transmit the quality of the fit during the run process. If the convergence to the exact solution is achieved then S(x * ) → 0. In order to find the optimal solution from CE optimization, we start by defining the parameter range in which the algorithm will search for the best candidates: p 
where Gij is an N × Np matrix with random numbers generated from a zero-mean normal distribution with standard deviation of unity. The next step is to calculate Si(0) for each set of xi(0), ordering them according to increasing values of Si. Then the first N elite set of parameters is selected, i.e. the N elitesamples with lowest S values, which will be labelled as the elite sample array X elite (0). We then determine the mean and standard deviation of the elite sample,p elite j (0) and σ elite j (0) respectively, as:p
The array X at the next iteration is determined as:
This process is repeated from equation (14), with Gij regenerated at each iteration. The optimization stops when the maximum number of iterations kmax is reached.
In order to prevent convergence to a sub-optimal solution due to the intrinsic rapid convergence of the CE method, Kroese, Porotsky & Rubinstein (2006) suggested the implementation of a fixed smoothing scheme for p elite,s j (k) and σ elite,s j (k):
where α ′ is a smoothing constant parameter (0 < α ′ < 1) and α d (k) is a dynamic smoothing parameter at kth iteration:
with 0 < α < 1 and q is an integer typically between 5 and 10 ( Kroese, Porotsky & Rubinstein 2006) . Following Caproni, Monteiro & Abraham (2009) , we adopted α ′ = 1, α = 0.7 and q = 5 throughout this work. In addition, we also assumed N = 100, N elite = 10 and kmax = 800. It is important to emphasize that this value for kmax was chosen so that, independently of the number of CE optimizations that are performed for a fixed P prec,obs and sense of precession, the remaining precession parameters will always converge to the same numerical value (variations not larger than a few per cent). For the present work, we run our code three times for each particular precession period and sense of precession.
The merit function S
The merit function S(k) transmits to the CE algorithm the best tentative set of precession parameters at the kth iteration. Following Caproni, Monteiro & Abraham (2009) , we have chosen S(k) as:
where ∆αi and ∆δi are, respectively, the right ascension and declination offsets of the jet knot i, ∆r
i . Our code generates, for each observation data t obs , pairs of right ascension and declination offsets based on different values of tej, which are provided from a given jet-precession model. The chosen model (RA,Dec)-pair is that which minimizes the square distance between the precession helix and the observed (RA,Dec.) pair, also respecting the condition t obs,ej < t obs . Therefore, for each observed (RA,Dec.) pair there is always a t obs,ej that makes S
As mentioned in Caproni, Monteiro & Abraham (2009) , the terms Sα i and S δ i strongly constrain the instantaneous jet direction in the optimization process, while inclusion of Sr i provides additional constraint on the modelling of the core-component distances as well as improving the convergence performance of the method.
Jet kinematic modelling performed only on the plane of the sky has an extra potential difficulty: the jet components are not fully independent of each other, in the sense that unique identifications of jet knots also depend on estimates of their individual proper motions. However, identification problems related to fitting procedures, as well as observations poorly sampled in time, may influence the follow-up of the components in time, which consequently might contribute to a misinterpretation of the data. Our CE modelling avoids such potential biases, purely analysing the time behaviour of the sky position of the jet knots without any information concerning previous identification of components. To guarantee that our jet precession modelling will also predict apparent velocities similar to those observed in BL Lacertae, we included a penalty function Υ(k) in the CE optimization process (Caproni, Monteiro & Abraham 2009 ). Based on independent estimates of the typical apparent velocities of the jet knots in BL Lacertae (e.g., Mutel et al. 1990; Jorstad et al. 2005; Lister et al. 2009 ), we decided to include in the CE algorithm the following penalty function in equation (21):
where β min obs (k) and β max obs (k) are respectively the minimum and maximum values of the apparent jet speeds predicted by a given precession model at iteration k. It is important to emphasize that the choice of Υ(k) = 10 mas 2 is sufficient to guarantee that any tentative solution providing β min obs (k) < 2 or β max obs (k) > 11 is statistically non-favoured during optimization.
Note that the choice of S is based on the minimization of the quadratic distances between the observational data and those produced by the precession model, while Υ(k) provides extra constraints on the parameters γ and φ0.
THE JET PRECESSION MODEL FOR THE PARSEC-SCALE JET OF BL LACERTAE
Observational data
The pc-scale jet observational data of BL Lacertae analysed in this work were gathered from the literature (Pearson & Readhead 1988; Charlot 1990; Mutel et al. 1990; Bondi et al. 1996; Gabuzda & Cawthorne 1996; Tateyama et al. 1998; time monitoring of the jet activity in BL Lacertae of about 26.7 yr.
We show in Fig. 1 the corresponding spatial distribution of the jet components of BL Lacertae on the plane of the sky. As already noted in previous papers (e.g., Charlot 1990; Denn, Mutel & Marscher 2000; Stirling et al. 2003) , the pcscale jet of BL Lacertae bends systematically to south-east after a core distance of about 3 or 4 mas, which definitely cannot be addressed exclusively by a jet precession phenomenon. Because of this, we decided to restrict our precession analysis to distances below of 2 mas (see filled circles in Fig. 1 ), avoiding the bending zone of the jet.
Given the multiwavelength nature of the data used in this work, opacity effects are expected to affect the determination of the absolute core position, which introduce frequency-dependent shifts in the core-component distances and proper motions (e.g., Blandford & Königl 1979; Lobanov 1998; Kovalev et al. 2008 ). In the case of a precessing jet, these corrections are time-dependent since the angle between the jet and the line-of-sight varies with time (Caproni & Abraham 2004a,b) . In the case of BL Lacertae, Mutel et al. (1990) Steps of 1 yr in precession period were considered, except for the interval between 11 and 14 years, during which differences between consecutive precession periods of 0.1 yr were used. We also included in our analyses the value of 2.29 yr obtained by Stirling et al. (2003) . The merit function reaches its minimum at a precession period between 11 and 13.5 yr (dotted vertical lines). The solid and dotted vertical lines mark respectively the weighted mean and standard deviation of the precession period related to the merit-function's minimum (12.11 ± 0.65 yr). between 4.6 to 43.1 GHz, found core-shifts values below of 0.43 mas. Considering these works, the mean value of the core-shift in BL Lacertae is roughly 0.2 mas, which will not influence significantly our jet precession modelling given the intrinsic uncertainties of the data, as well as the high fraction of 15-GHz data in our sample 1 . Because of that, we will hereafter neglect core opacity effect in our jet precession analyses.
Estimating the precession period and the sense of precession of the BL Lacertae jet
The precession period and the sense of precession are quantities not automatically optimized by our CE method. Thus, some extra procedure is necessary to determine those parameters. Following Caproni, Monteiro & Abraham (2009) , 1 We run additional CE optimizations considering two subsets of the original data to verify quantitatively this claim. The two subsets correspond to 15-GHz and 15+43 GHz data (about 44 and 83 per cent of the original data set, respectively). For 15-GHz data, typical changes in the values of the precession parameters in relation to our best model (see Table 1 in Section 4.4) are usually less than ∼7 per cent (not exceeding ∼25 per cent). For 15+43 GHz data, the typical differences are less than ∼3 per cent (∼15 per cent in the worst case). The decrease in those values is a consequence of the increase of the time coverage of 15+43 GHz data (from ∼ 8.3 yr to ∼ 13 yr).
we mapped the dependence of the jet-precession model fitting with the precession period and the sense of precession. We varied the value of the precession period measured in the observer's reference frame from 2 to 30 yr in steps of 1 yr for both clockwise and counterclockwise senses of precession, covering those values previously suggested in the literature (Stirling et al. 2003; Tateyama 2009 ). An extra refinement step of 0.1 yr was adopted between 11 and 14 yr, in which the merit function presented a minimum, as will be discussed later.
For each tentative precession period, our CE method searched for the best set of precession model parameters in the ranges: 0.95
• ϕ0 30
• and 0 τ0,s 1. It is important to emphasize that these parameter ranges contain the jet parameter values for BL Lacertae derived in previous works (e.g., Mutel et al. 1990; Denn, Mutel & Marscher 2000; Stirling et al. 2003; Tateyama 2009 ). Note also that the hypothesis of a nonprecessing jet is incorporated in our analysis, since ϕ0 = 0
• is one of the possibilities to fit the observational data.
We show in Figs. 2 and 3 the optimized precession model parameters and the merit function versus the precession period in the observer's reference frame, for clockwise and counterclockwise senses of precession, respectively. Among all precession model parameters, η0 exhibits the smallest variation in terms of P prec,obs (only about 4
• ). Extreme values for γ and φ0 were found for some tentative Steps of 1 yr in precession period were considered, except for the interval between 11 and 14 years, during which differences between consecutive precession periods of 0.1 yr were used. We also included in our analyses the value of 2.29 yr obtained by Stirling et al. (2003) . The merit function reaches its minimum at a precession period between 11 and 13.5 yr (dotted vertical lines). The solid and dotted vertical lines mark respectively the weighted mean and standard deviation of the precession period related to the merit-function's minimum (12.11 ± 0.65 yr). precession periods; they correspond to 5 < P prec,obs < 14 for clockwise precession, and P prec,obs < 5 or P prec,obs > 19 for counterclockwise precession.
A well-defined minimum for the merit function is found at a precession period of about 12.1 years, independently of the sense of precession. The values of both minima are practically identical (S = 4.511 ± 0.109 mas 2 and S = 4.606 ± 0.072 mas 2 for clockwise and counterclockwise precession, respectively), making impossible to obtain information about the sense of precession from the merit function alone. The difficulty in detecting the correct sense of precession was also found by Stirling et al. (2003) . As mentioned by them, the problem probably resides on the lack of observational data with larger core-component distances employed in the modelling. However, other constrains on the optimized precession parameters can be used instead, namely the interval of observed superluminal velocities, the boosting parameter, which depends on the Doppler factor, and the jet-to-counterjet flux density ratio Ξ, which should be large enough to guarantee that the counterjet is not observed. This last quantity can be calculated from:
where p is equal to 2 or 3 for a continuous or clumpy jet, respectively (e.g., Lind & Blandford 1985) , and α is the spectral index of the flux density distribution in terms of the observed frequency ν (Sν ∝ ν −α ).
We plotted the dependency of the interval of predicted superluminal velocities, Doppler factor and jet-counterjet ratio as a function of the precession period in the observer's reference frame in Figs. 4 (clockwise sense of precession) and 5 (counterclockwise sense). Looking carefully at P prec,obs ∼ 12.1 yr we can see that the clockwise jetprecession model predicts too low value of Ξ (∼ 300), which implies the possibility of counterjet detection in interferometric radio images, given their typical dynamic ranges. However, such detection has never been achieved, which indicates that a clockwise jet-precession scenario is not appropriated for BL Lacertae. On the other hand, the counterclockwise jet-precession model predicts Ξ ∼ 3.5 × 10 5 , in agreement with available observational data.
In addition, our counterclockwise precession model predicts Doppler-boosting factor ranging from 8.8 and 9.4 (in contrast to the clockwise model that predicts a variation between 1.2 and 1.7), in good agreement with independent estimates of the Doppler-boosting parameter for BL Lacertae found in the literature that suggest δ 7 (e.g., Jorstad et al. 2005; Hovatta et al. 2009; Wu et al. 2011) . Therefore, the counterclockwise 12.1-yr jet precession scenario is favoured in the case of BL Lacertae. ing some overlapping epochs with Stirling et al. 2003) , concluded that changes in the structural position angle 2 of the radio core of BL Lacertae could present a periodicity of 12.1 yr, as statistically significant as that of 2.29 yr. Note that all these previous works analysed a substantially shorter interval of observations (∼3.1 years in Stirling et al. 2003 , ∼5.1 years in Mutel & Denn 2005 and ∼ 12 yr in Tateyama 2009) in comparison to this present work (∼26.7 yr), which might be responsible for such discrepancies. Another possibility is that the 2.29-yr period is related to some extra phenomenon, such as nodding modulation of the precession angle, for instance (see Section 6 for a more detailed discussion about this possibility).
The non-precessing jet scenario
As mentioned before, the non-precessing jet hypothesis (ϕ0 = 0
• ) was also checked by our CE technique during each optimization processes. Even though the validation tests (Caproni, Monteiro & Abraham 2009) showed that the technique is able to determine whether precession is taking place, we decided to perform an independent model optimization, forcing ϕ0 = 0
• , and rerun the code to optimize the remaining jet model parameters. We found that the value of merit function (defined by equation 21) in this situation corresponds to ∼7.8 mas 2 , at least 1.5 times larger than that found for P prec,obs ∼ 12.1 yr. To estimate the statistical significance of such difference, we applied the non-parametric two-sample twodimensional Kolmogorov−Smirnov test, (2DKS test hereafter: see e.g., Peacock 1983; Fasano & Franceschini 1987; Press et al. 1997) .
In brief, this test compares two-dimensional data sets in terms of the maximum cumulative difference between them, measuring the probability of these two data sets being drawn from the same parent distribution. In this work, the data sets are the observed and model predicted jet-knot position offsets from the core, so that comparison is made using pairs of (∆α obs i , ∆δ obs i ) and (∆α mod i , ∆δ mod i ), the ith data point of the respective data sets. Note that these two samples are not strictly independent since the model coordinates are calculated from a model that was constrained, on the other hand, from the observed positions of the jet knots. Although it is in contradiction to the underlying hypothesis of independence of the two analysed data sets, Wild et al. (2005) argue if the number of the observed data points is much greater than the number of the model parameters, such effect should be small enough to allow the application of the 2DKS test. This requirement is fulfilled in our data sets.
Unfortunately, another potential drawback concerning the multidimensional generalization of the KolmogorovSmirnov test is related to the calculation of the maximum cumulative difference in two or more dimensions, which is not uniquely defined (e.g., Peacock 1983; Fasano & Franceschini 1987; Press et al. 1997) . It introduces a possible dependency in the determination of the maximum cumulative difference with the shape of the parent two-dimensional probability distribution. However, Fasano & Franceschini (1987) showed from Monte Carlo simulations that their parametrisation for 2DKS test is distribution-free in good approximation. In any case, the resulting probabilities obtained from 2DKS tests are not as rigorously reliable as in the one-dimensional case, so that they must be interpreted warily (e.g., Press et al. 1997) .
The application of the 2DKS test for our counterclockwise 12.1-yr jet precession model leads to a probability of ∼15 per cent. As suggested in Press et al. (1997) and Wild et al. (2005) , a 2DKS probability above ∼10-20 per cent can be used to claim reasonable agreement between the two analysed data sets. Conversely, this probability drops to 0.028 per cent for the non-precessing jet scenario. Thus, the 2DKS tests indicate that the probability of the observed and model data sets being drawn from the same parent distribution is 15 per cent for our best precession model, but less than 0.1 per cent for the non-precession scenario. This demonstrates that our model provides a significantly bet- ter description of the collected observations for BL Lacertae than a non-precessing model, although some discrepancies between our best model and observational data still remain.
Model parameters for 12.1-years counterclockwise precession period
As presented in last section, the precession of the pc-scale jet of BL Lacertae occurs in a counterclockwise sense, respecting a periodicity of about 12.1 yr in the observer's reference frame. The CE optimized precession model parameters related to this period are given in Table 1 . Precessionmodel parameters and their respective uncertainties were estimated following Caproni et al. (2011) (equations 10 and 11 in their paper). Note that the precession rate in the source's reference frame is substantially slower, as expected from relativistic effects (see equation 11).
Comparison between snapshots of the precession helix generated from the parameters listed in Table 1 and the right ascension and declination offsets of the observed jet knots of BL Lacertae can be visualized in the section entitled Supporting Information, published in the online version of this work. The distribution of the residuals in right ascension and declination directions (generated from the difference between the model-predicted and observed positions of jet knots) is compatible with zero-mean value in both directions. Their associated root mean square values (rms) are ∼ 0.12 and ∼ 0.03 mas in right ascension and declination directions, respectively. It strongly indicates that the mean jet position angle predicted from our best model is quite well determined.
Applying the same analysis for a non-precessing jet, it is possible to note an increase of the spread of the residuals in relation to that found from our best precession model. It is quantitatively corroborated by the slight increase of the rms in both directions (∼ 0.15 mas in right ascension and ∼ 0.04 mas in declination), reinforcing our conclusion that the non-precessing jet scenario is not suitable for BL Lacertae. In relation to the previously published precession models by Stirling et al. (2003) and Tateyama (2009) , the amplitude of residuals is even higher in comparison with a non-precessing jet scenario and our best precession model. Indeed, this was already expected given their larger values of S (∼ 17 mas 2 for Stirling et al. 2003 and 15 mas 2 for Tateyama 2009, much higher than our own value for noprecession case).
According to our precession model, the expected apparent velocities of the jet of BL Lacertae are always superluminal, ranging from about 3.4 to 4.0c. Components having such velocities have been observed in previous works (e.g., Mutel et al. 1990; Jorstad et al. 2005; Gabuzda & Cawthorne 2003; Lister et al. 2009 ), even though some quasi-stationary components (β obs << 1), as well as faster knots have been also detected in BL Lacertae (e.g., Jorstad et al. 2005; Lister et al. 2009 ). It should not be interpreted as a serious problem of our model since some jet components of BL Lacertae exhibit non-ballistic trajectories, which is not taken into account in our present parametrization. Indeed, the theory of linear perturbations, as well as numerical simulations, has shown that jet precession can induce instabilities in the jet flow (Hardee 2000 (Hardee , 2001 (Hardee , 2002 . The observational counterparts of these jet instabilities may be seen as non-ballistic knots in VLBI images. Therefore, the scenario adopted in this work (ballistic motions plus jet precession) does not exclude the existence of helical motions in the jet of BL Lacertae. Note also that our predicted apparent velocities are different from those found by Stirling et al. (2003) (β obs ∼ 6.7) and Tateyama (2009) (7 < β obs < 10).
Because of precession, jet viewing angle varies approximately between 4
• and 5
• , which is in reasonable agreement with the values derived from the characteristics of the variability in the multiwavelength light curves of BL Lacertae (Hovatta et al. 2009; Raiteri et al. 2010; Savolainen et al. 2010; Wu et al. 2011) . The predicted jet viewing angles from our precession model are between those found by Stirling et al. (2003) (6 • < φ < 12 • ) and Tateyama (2009) (1.5
• < φ < 3 • ). The jet inlet position angle on the plane of the sky ranges from -172
• to -159 • , providing a total variation of ∼ 13
• which is approximately half of those obtained by Stirling et al. (2003) and Tateyama (2009) . This angular amplitude means an amplitude variation of 0.46 mas at 2 mas from the core, which is about twelve and four times greater than typical observational uncertainties in the right ascension and declination positions of the jet components, respectively.
As mentioned previously, the Doppler-boosting parameter varies roughly from 8.8 to 9.4 in our model, which means that the jet-counterjet flux ratio ranges from 3.3×10 5 to 3.9×10 5 (considering a continuous jet with a spectral index of 0.8; e.g., Lind & Blandford 1985) , implying in a nondetected counterjet at pc scales. This result also supports the hypothesis claimed by Stirling et al. (2003) that component C1 is not the manifestation of the counterjet.
The observational data used to constrain our optimized precession model covers 26.7 yr of monitoring, which means an interval of about 2.2 times longer than the estimated model quantitatively with those derived by Stirling et al. (2003) and Tateyama (2009) ,we generated precession helices based on the values of the parameters determined by those authors and compared them with the same observational data used in our work. Thus, these comparisons respect the same conditions precession period of 12.1 yr. At this point it is important to emphasize that our CE model technique is able to deal properly with short time samplings, as can be seen in the validation tests published in Caproni, Monteiro & Abraham (2009) . One of these tests employed synthetic data formed by no more than 50 sky positions (about one sixth of the data analysed in this work) and covered only 1.5 precession periods. Therefore, this strongly suggests that our results are not influenced by the relatively short time covering of the data in terms of the 12.1-yr precession period.
THE UNDERLYING JET OF BL LACERTAE
The jet precession period of 12.1 yr has no counterpart detected in analyses of the historical light curves of BL Lacertae conducted up to now. Quasi-periodic variations in the radio light curves of BL Lacertae have been reported in the literature, ranging roughly from 0.7 to 8 yr depending on the frequency and time coverage of the observations (Kelly et al. 2003; Villata et al. 2004) . In optical domains the situation is almost the same: there is some evidence of a periodicity of about 7-8 yr but this is still inconclusive (Hagen-Thorn et al. 1997; Villata et al. 2004) . Similarly, Fan et al. (1998) reported a strong signature of a periodicity of 13.97 yr in the B-band light curve, as well as shorter periods of 0.66 and 0.88 yr, also found by Webb et al. (1988) .
Although some works have shown the viability of jet precession in producing detectable signatures in the light curves of some sources (e.g., Caproni & Abraham 2004a,b) , it should not be expected for all precessing objects. As mentioned by Mutel & Denn (2005) , the main contribution to the observed flux of BL Lacertae may be due to the extended jet, which is not varying its orientation and consequently may be masking any precession signature. Another possibility that cannot be excluded is that the underlying jet is intrinsically weak, so that even Doppler-boosting effects modulated by precession are not sufficiently strong to make its contribution detectable.
We compared the historical 8.4-GHz and B band 4 light curves with upper limits for the observed flux density of the underlying jet 5 predicted from our best model. We assumed simplistically that the intrinsic flux density of the underlying jet Ss did not vary along the observation time, following the relation S obs (t obs ) = Ss[δ(t obs )] 2+α (similarly to Caproni & Abraham 2004b) . We assumed α ∼ 0.0 for the radio regime (Denn, Mutel & Marscher 2000) and α = 2.0 for the optical band (Brown et al. 1989) . To keep the underlying jet contribution always below the measured total flux densities, Ss must be lower than 18 mJy and 0.30 µJy at radio and optical frequencies, respectively.
The small variation in the value of the Doppler-boosting factor (between ∼ 8.8 and 9.4) implies a small variation in the amplitude of the observed flux density of the underlying jet (between ∼ 0.18 and 0.23 mJy in the B band and from about 1.39 and 1.59 Jy at 8.4 GHz). We speculate that it might be the reason for the non-detection of such 12.1 yr periodicity from the previous statistical analyses of the light curves of BL Lacertae. Notwithstanding, the underlying jet contribution might be responsible for a plateau-like structure (with mean values of about 0.21 mJy in the B band and 1.49 Jy at 8.4 GHz) underneath of the main flux variations of BL Lacertae, which are probably produced by the jet components themselves; this can be interpreted as either shocks moving down the jet (e.g., Blandford & Königl 1979; , 1989 or plasmons ejected from the core (e.g., Pauliny-Toth & Kellermann 1966). Stirling et al. (2003) analysed the structural position angle defined by the relative orientation between components C1 and C2, as well as the polarization angle in radio and optical observations, finding a periodic modulation of 2.29 yr in both quantities. They interpreted those results as due to the precession of the jet inlet region. We explore in this section an alternative interpretation for this short period in terms of a nutation motion produced in a supermassive binary black hole system. Katz et al. (1982) established the relation between the characteristics of a precessing accretion disc in close binary systems and the frequency ωn of short-term nodding motions:
JET PRECESSION AND NODDING MOTIONS IN BL LACERTAE
where ω orb is the orbital angular velocity of the secondary black hole. Note that ωs should be negative since the induced precession is retrograde, in the sense of being contrary to the rotation of the accretion disk (eg., Katz et al. 1982) . Assuming that the nodding oscillation has a period of 2.29 yr in the observer's reference frame, we can use equation (27) to calculate the value of the orbital period of the secondary black hole P orb,obs to produce the inferred 12.1-yr precession period. It implies P orb,obs = 7.4 ± 1.8 yr or P orb,s = 335 ± 173 yr in the source's reference frame, the respective uncertainties having been obtained from error propagation of the involved periods.
From the P orb,s , we can derive the distance between the two black holes Rps from the Kepler's third law:
where G is the gravitational constant, and Mtot = Mp + Ms, the sum of the masses of the primary and secondary black holes, respectively. Several works have attempted to estimate the mass of the supermassive black hole in BL Lacertae (Fan, Xie & Bacon 1999; Wu & Urry 2002; Marconi & Hunt 2003; Ghisellini et al. 2010; Capetti, Raiteri & Buttiglione 2010) , which seems to have about 1.5 − 6 × 10 8 M ⊙ . Assuming that Mtot corresponds to the mean value of those estimates, i.e Mtot = 3.75 × 10 8 M ⊙ , we calculated the distance between the black holes from equation (28), providing Rps = 0.17 ± 0.07 pc, which corresponds to ∼ 0.13 mas at the distance of BL Lacertae.
To put a lower limit for the ratio between the masses of the secondary and primary black holes, q = Ms/Mp, it is necessary to verify in which conditions the orbital period of the secondary can produce the inferred accretion disc/jet precession rate. Assuming that jet precession of BL Lacertae is induced by torques in the primary accretion disc due to a non-coplanar secondary black hole (e.g., Katz 1997; Papaloizou & Terquem 1995; Larwood 1997; Romero et al. 2000; Caproni & Abraham 2004a,b; Caproni et al. 2006) , and taking Rprec Rout (Romero et al. 2000) , where Rprec and Rout are respectively the outer radii of the precessing part of the disc and the disc itself, we can write (Caproni et al. 2006) :
where n is the polytropic index of the gas (e.g., n = 3/2 for a non-relativistic gas and n = 3 for the relativistic case), and the function f (q) has the form (Eggleton 1983) :
The value of the left-hand of equation (29) is completely defined by our precession and nutation models, while the right-hand of the same equation depends only on the parameter q. Assuming n = 3/2, equation (29) is satisfied only if q 5.75, which implies Mp 5.5 × 10 7 M ⊙ and Ms 3.2 × 10 8 M ⊙ . It is important to emphasize that there is no problem concerning secondary black hole to be more massive than primary one. The word primary in our context only means that the observed jet is generated from the primary black hole. It is not new at all, since some previous papers had already claimed systems with more massive secondary black hole than primary ones (e.g., Romero et al. 2000; Britzen et al. 2001) .
The time stability of such system can be verified by calculating the timescale τGW for losses due to gravitational radiation from the expression (Begelman, Blandford & Rees 1980; Shapiro & Teukolsky 1983) :
which is minimized when q = 1. For the supermassive binary black hole system considered in this work, we have τGW 70 Gyr, which is much longer than the age of the Universe. This indicates no significant changes in the orbit of the secondary and consequently to jet precession rate during the interval of the observations used in this work.
Concerning the intrinsic amplitude of the nutation motion, our calculation based on equation (4) in Katz (1997) leads to a value of about 0.
• 10. Its inclusion into our jetprecession model generates an additional amplitude variation at the position angle of the jet on the plane of sky of about ±2.
• 5, which may be detected in the millimetre data, in principle.
We can see that a putative supermassive binary black hole system with the physical characteristics described above can drive not only the jet-precession period found in this work, but also a nutation with a period of 2.29 yr, which might be responsible for variations in the structural position angle of the pc-scale radio core, as well as in the polarization angles reported by Stirling et al. (2003) and Mutel & Denn (2005) . Stirling et al. (2003) and Tateyama (2009) have claimed the existence of precession motions in the pc-scale jet of BL Lacertae of 2.29 and 26 yr, respectively. In this work we revisited this issue, investigating temporal changes of the observed right ascension and declination offsets of the jet knots in terms of our relativistic jet-precession model.
CONCLUSIONS
Our precession model is characterized by seven parameters: precession period, jet bulk velocity, aperture angle of the precession cone, the angle between the cone axis and the line of sight, position angle of the cone axis on the plane of the sky, sense of precession, and precession angular phase. These parameters were optimized via heuristic cross-entropy (CE) method, comparing the projected precession helix with the two-dimensional position of the jet components on the plane of the sky, following Caproni, Monteiro & Abraham (2009) . The search for the best precession model for BL Lacertae is performed considering parameter ranges that contain the jet parameter values derived in previous works (e.g., Mutel et al. 1990; Denn, Mutel & Marscher 2000; Stirling et al. 2003; Tateyama 2009 ), as well as the case of a non-precessing jet (ϕ0 = 0
• ). Our optimized best model is compatible with a jet having a bulk velocity of 0.9824c, which is precessing in a counterclockwise sense with a period of about 12.1 yr at the observer's reference frame (∼ 550 yr at the source's referential framework), and changing its orientation in relation to the line of sight between approximately 3.
• 9 and 4.
• 9. The position angle of the precession cone axis on the plane of the sky is about -166
• . It is important to emphasize that these precession parameters lead to S ≈ 4.6 mas 2 , which is significantly lower than the values obtained for both a nonprecessing model and the previously published precession models.
Searches for periodic variation in the historical light curves of BL Lacertae have not revealed any signature of flux variability occurring at a periodicity of 12.1 yr (e.g., Webb et al. 1988; Fan et al. 1998; Hagen-Thorn et al. 1997; Kelly et al. 2003; Villata et al. 2004) . We speculate that the non-detection of the periodicity of 12.1 yr might be attributed to small variations in the amplitude of the Dopplerboosting factor predicted by our model, which implies small variations of the observed flux density associated to the underlying jet. Nevertheless, the underlying jet contribution might be responsible for a plateau-like structure underneath of the main flux variations of BL Lacertae.
Assuming that jet precession has its origin in a supermassive binary black hole system, we show that the 2.3-yr periodic variation in the structural position angle of the VLBI core of BL Lacertae reported by Stirling et al. is compatible with a nutation phenomenon if q 5.75. The orbital period of the secondary black hole at the source's reference frame is approximately 335 yr, which means a distance between primary and secondary black holes of about 0.17 pc.
Further monitoring of the pc-scale activity of BL Lacertae is necessary to confirm the validity of our precession model, as well as the supermassive binary black hole scenario proposed in this work. Figure 6 . Changes in the jet orientation of BL Lacertae along the time due to the precession model parameters listed in Table 1 . Solid lines represent snapshots of the precession helix, while the positions of the jet knots and their respective uncertainties are shown by black dots. Numbers at upper right corners of the panels are the corresponding observation epochs.
